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*Moreover*, *if a function* *ω̃* *of the modulus of continuity type and a matrix* *A* *satisfy the following conditions*: ([14](#Equ14){ref-type=""}) *with* $\documentclass[12pt]{minimal}
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Theorem 5 {#FPar10}
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Remark 2 {#FPar11}
--------

We note that our extra conditions ([9](#Equ9){ref-type=""}), ([8](#Equ8){ref-type=""}) and ([10](#Equ10){ref-type=""}) for a lower triangular infinite matrix $\documentclass[12pt]{minimal}
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Corollary 2 {#FPar12}
-----------

*Considering the above remarks and the obvious inequality* $$\documentclass[12pt]{minimal}
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Remark 3 {#FPar13}
--------
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Auxiliary results {#Sec3}
=================

We begin this section by some notations from \[[@CR5]\] and \[[@CR4], Sect. 5 of Chapter II\]. Let for $\documentclass[12pt]{minimal}
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It is clear by \[[@CR4]\] that $$\documentclass[12pt]{minimal}
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Lemma 1 {#FPar14}
-------

(\[[@CR4]\])

*A function* *ω̃* *of modulus of continuity type on the interval* $\documentclass[12pt]{minimal}
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Next, we present the following well-known estimates.

Lemma 2 {#FPar15}
-------

(\[[@CR4]\])
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Lemma 3 {#FPar16}
-------

(\[[@CR5], [@CR6]\])
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                \begin{document} $$\begin{aligned} &\sum_{k=n}^{m}a_{k}\sin kt =-\sum_{k=n}^{m} ( a_{k}-a_{k+r} ) \widetilde{D^{\circ}}_{k,r} ( t ) +\sum _{k=m+1}^{m+r}a_{k}\widetilde{D^{\circ}}_{k,-r} ( t ) -\sum _{k=n}^{n+r-1}a_{k}\widetilde{D^{\circ}}_{k,-r} ( t ) , \\ &\sum_{k=n}^{m}a_{k}\cos kt =\sum_{k=n}^{m} ( a_{k}-a_{k+r} ) D_{k,r}^{\circ} ( t ) -\sum_{k=m+1}^{m+r}a_{k}D_{k,-r}^{\circ } ( t ) +\sum_{k=n}^{n+r-1}a_{k}D_{k,-r}^{\circ} ( t ) . \end{aligned}$$ \end{document}$$

We additionally need the following estimate as a consequence of Lemma [3](#FPar16){ref-type="sec"}.

Lemma 4 {#FPar17}
-------
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                \begin{document}$$ \Biggl\vert \frac{1}{2}\sum_{k=0}^{\infty}a_{n,k} \cos\frac{ ( 2k+1 ) t}{2} \Biggr\vert \leq\frac{1}{2 \vert \sin\frac{rt}{2}\vert } \Biggl( A_{n,r}+\sum_{k=0}^{r-1}a_{n,k} \Biggr) \leq\frac{1}{\vert \sin\frac{rt}{2} \vert }A_{n,r}. $$\end{document}$$

Proof {#FPar18}
-----

By Lemma [3](#FPar16){ref-type="sec"}, $$\documentclass[12pt]{minimal}
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We also need some special conditions which follow from the ones mentioned above.

Lemma 5 {#FPar19}
-------

*Suppose that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f\in L_{2\pi/r}^{p}$\end{document}$, *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1\leq p<\infty$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r\in \mathbb{N}$\end{document}$. *If the condition* ([12](#Equ12){ref-type=""}) *holds with any function* *ω̃* *of the modulus of continuity type and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beta \geq0$\end{document}$, *then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \biggl\{ \int _{\frac{2 ( m+1 ) \pi}{r}-\frac{\pi}{r ( n+1 ) }}^{\frac{2 ( m+1 ) \pi}{r}} \biggl( \frac{ \vert \psi_{x} ( t ) \vert }{\widetilde{\omega} ( \frac{2 ( m+1 ) \pi}{r}-t ) } \biggr) ^{p} \biggl\vert \sin\frac{rt}{2} \biggr\vert ^{\beta p}\,dt \biggr\} ^{\frac{1}{p}}=O_{x} ( 1 ) , $$\end{document}$$ *where* $\documentclass[12pt]{minimal}
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Proof {#FPar20}
-----
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Lemma 6 {#FPar21}
-------
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Proof {#FPar22}
-----
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                \begin{document} $$\begin{aligned} & \biggl\{ \int_{\frac{2m\pi}{r}}^{\frac{2m\pi}{r}+\frac{\pi}{r ( n+1 ) }} \biggl( \frac{ \vert \psi_{x} ( t ) \vert }{\widetilde{\omega} ( t-\frac{2m\pi}{r} ) } \biggr) ^{p} \biggl\vert \sin\frac{rt}{2} \biggr\vert ^{\beta p}\,dt \biggr\} ^{1/p} \\ &\quad= \biggl\{ \int_{0}^{\frac{\pi}{r ( n+1 ) }} \biggl( \frac{\vert \psi_{x} ( \frac{2m\pi}{r}+u ) \vert }{\widetilde{\omega} ( u ) } \biggl\vert \sin\frac{r}{2} \biggl( \frac{2m\pi}{r}+u \biggr) \biggr\vert ^{\beta} \biggr) ^{p}\,du \biggr\} ^{1/p} \\ &\quad\leq \biggl\{ \int_{0}^{\frac{\pi}{r ( n+1 ) }} \biggl( \frac{\vert \psi_{x} ( u ) \vert }{\widetilde{\omega} ( u ) } \biggl\vert \sin\frac{ru}{2} \biggr\vert ^{\beta} \biggr) ^{p}\,dt \biggr\} ^{1/p}=O_{x} ( 1 ) \end{aligned}$$ \end{document}$$ and we have the desired estimate. □

Now, we formulate another two lemmas without proofs. We can prove them in the same way as Lemmas [5](#FPar19){ref-type="sec"} and [6](#FPar21){ref-type="sec"}, respectively.

Lemma 7 {#FPar23}
-------

*Suppose that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f\in L_{2\pi/r}^{p}$\end{document}$, *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1\leq p<\infty$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r\in \mathbb{N}$\end{document}$. *If the condition* ([13](#Equ13){ref-type=""}) *holds with any function* *ω̃* *of the modulus of continuity type and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\gamma ,\beta\geq0$\end{document}$, *then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \biggl\{ \int_{\frac{2 ( m+1 ) \pi}{r}-\frac{\pi}{r}}^{\frac{2 ( m+1 ) \pi}{r}-\frac{\pi}{r ( n+1 ) }} \biggl( \frac{ \vert \psi_{x} ( t ) \vert \vert \sin\frac{rt}{2} \vert ^{\beta}}{\widetilde{\omega} ( t ) ( \frac{2 ( m+1 ) \pi}{r}-t ) ^{\gamma}} \biggr) ^{p}\,dt \biggr\} ^{1/p}=O_{x} \bigl( ( n+1 ) ^{\gamma} \bigr) , $$\end{document}$$ *where* $\documentclass[12pt]{minimal}
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Lemma 8 {#FPar24}
-------
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                \begin{document}$$ \biggl\{ \int_{\frac{2m\pi}{r}+\frac{\pi}{r ( n+1 ) }}^{\frac{2m\pi}{r}+\frac{\pi}{r}} \biggl( \frac{ \vert \psi_{x} ( t ) \vert \vert \sin\frac{rt}{2} \vert ^{\beta}}{\widetilde{\omega} ( t ) ( t-\frac{2m\pi}{r} ) ^{\gamma}} \biggr) ^{p}\,dt \biggr\} ^{1/p}=O_{x} \bigl( ( n+1 ) ^{\gamma} \bigr) , $$\end{document}$$ *where* $\documentclass[12pt]{minimal}
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Proofs of theorems {#Sec4}
==================

Proof of Theorem [1](#FPar4){ref-type="sec"} {#Sec5}
--------------------------------------------
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                \begin{document} $$\begin{aligned} &\widetilde{T}_{n,A} f ( x ) -\widetilde{f}_{r} \biggl( x,\frac{\pi}{r ( n+1 ) } \biggr) \\ &\quad=-\frac{1}{\pi} \int_{0}^{\pi}\psi_{x} ( t ) \sum _{k=0}^{\infty }a_{n,k} \widetilde{D}_{k,1} ( t ) \,dt \\ &\qquad{}+\frac{1}{\pi} \Biggl( \sum_{m=0}^{ [ r/2 ] -1} \int_{\frac{2m\pi}{r}+\frac{\pi}{r ( n+1 ) }}^{\frac{2 ( m+1 ) \pi}{r}-\frac{\pi}{r ( n+1 ) }}+ \int_{\frac{2 [ r/2 ] \pi}{r}+\frac{\pi}{r ( n+1 ) }}^{\frac{ ( 2 [ r/2 ] +1 ) \pi}{r}} \Biggr) \psi_{x} ( t ) \frac{1}{2}\cot\frac{t}{2}\,dt \\ &\quad=-\frac{1}{\pi} \Biggl( \int_{0}^{\frac{\pi}{r ( n+1 ) }}+\sum_{m=1}^{ [ r/2 ] } \int_{\frac{2m\pi}{r}}^{\frac{2m\pi }{r}+\frac{\pi}{r ( n+1 ) }}+\sum_{m=0}^{ [ r/2 ] -1} \int_{\frac{2 ( m+1 ) \pi}{r}-\frac{\pi}{r ( n+1 ) }}^{\frac{2 ( m+1 ) \pi}{r}} \Biggr) \\ &\qquad{}\times\psi_{x} ( t ) \sum_{k=0}^{\infty}a_{n,k} \widetilde{D}_{k,1} ( t ) \,dt \\ &\qquad{}+\frac{1}{\pi} \Biggl( \sum_{m=0}^{ [ r/2 ] } \int_{\frac{2m\pi}{r}+\frac{\pi}{r ( n+1 ) }}^{\frac{2 ( m+1 ) \pi}{r}}+\sum_{m=0}^{[r/2]-1} \int_{\frac{ ( 2m+1 ) \pi}{r}}^{\frac{2 ( m+1 ) \pi}{r}-\frac{\pi}{r ( n+1 ) }} \Biggr) \psi_{x} ( t ) \sum_{k=0}^{\infty}a_{n,k} \widetilde{D^{\circ}}_{k,1} ( t ) \,dt \\ &\quad=I_{0} ( x ) +I_{1} ( x ) +I_{2} ( x ) +I_{3} ( x ) +I_{4} ( x ) \end{aligned}$$ \end{document}$$ and for even *r* $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\widetilde{T}_{n,A} f ( x ) -\widetilde{f}_{r} \biggl( x,\frac{\pi}{r ( n+1 ) } \biggr) \\ &\quad=-\frac{1}{\pi} \int_{0}^{\pi}\psi_{x} ( t ) \sum _{k=0}^{\infty }a_{n,k} \widetilde{D}_{k,1} ( t ) \,dt+\frac{1}{\pi}\sum _{m=0}^{ [ r/2 ] -1} \int_{\frac{2m\pi}{r}+\frac{\pi}{r ( n+1 ) }}^{\frac{2 ( m+1 ) \pi}{r}-\frac{\pi}{r ( n+1 ) }}\psi_{x} ( t ) \frac{1}{2}\cot\frac{t}{2}\,dt \\ &\quad=-\frac{1}{\pi} \Biggl( \int_{0}^{\frac{\pi}{r ( n+1 ) }}+\sum_{m=1}^{ [ r/2 ] -1} \int_{\frac{2m\pi}{r}}^{\frac{2m\pi}{r}+\frac{\pi}{r ( n+1 ) }}+\sum_{m=0}^{ [ r/2] -1} \int_{\frac{2 ( m+1 ) \pi}{r}-\frac{\pi}{r ( n+1 ) }}^{\frac{2 ( m+1 ) \pi}{r}} \Biggr) \\ &\qquad{}\times\psi_{x} ( t ) \sum_{k=0}^{\infty}a_{n,k} \widetilde{D}_{k,1} ( t ) \,dt \\ &\qquad{}+\frac{1}{\pi} \Biggl( \sum_{m=0}^{ [ r/2 ] -1} \int_{\frac{2m\pi}{r}+\frac{\pi}{r ( n+1 ) }}^{\frac{ ( 2m+1 ) \pi}{r}}+\sum_{m=0}^{ [ r/2 ] -1} \int_{\frac{ ( 2m+1 ) \pi}{r}}^{\frac{2 ( m+1 ) \pi}{r}-\frac{\pi}{r ( n+1 ) }} \Biggr) \\ &\qquad{}\times\psi_{x} ( t ) \sum_{k=0}^{\infty}a_{n,k} \widetilde{D^{\circ}}_{k,1} ( t ) \,dt \\ &\quad=I_{0} ( x ) +I_{1}^{\prime} ( x ) +I_{2} ( x ) +I_{3}^{\prime} ( x ) +I_{4} ( x ) , \end{aligned}$$ \end{document}$$ whence $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & \bigl\vert I_{0} ( x ) \bigr\vert \\ &\quad=O \bigl( ( n+1 ) ^{2} \bigr) \int_{0}^{\frac{\pi}{r ( n+1 ) }}t \bigl\vert \psi_{x} ( t ) \bigr\vert \,dt \\ &\quad\leq O \bigl( ( n+1 ) ^{2} \bigr) \biggl\{ \int_{0}^{\frac{\pi}{r ( n+1 ) }} \biggl( \frac{t \vert \psi_{x} ( t ) \vert }{\widetilde{\omega} ( t ) } \biggr) ^{p}\sin^{\beta p}\frac{rt}{2}\,dt \biggr\} ^{1/p} \biggl\{ \int_{0}^{\frac{\pi}{r ( n+1 ) }} \biggl( \frac{\widetilde{\omega} ( t ) }{\sin^{\beta}\frac{rt}{2}} \biggr) ^{q}\,dt \biggr\} ^{\frac{1}{q}} \\ &\quad\leq O \bigl( ( n+1 ) ^{2} \bigr) O_{x} \bigl( ( n+1 ) ^{-1} \bigr) \widetilde{\omega} \biggl( \frac{\pi}{r ( n+1 ) } \biggr) \biggl\{ \int_{0}^{\frac{\pi}{r ( n+1 ) }} \biggl( \frac{\pi }{rt} \biggr) ^{\beta q}\,dt \biggr\} ^{\frac{1}{q}} \\ &\quad=O_{x} \bigl( ( n+1 ) \bigr) \widetilde{\omega} \biggl( \frac{\pi }{r ( n+1 ) } \biggr) \biggl( \frac{\pi}{r ( n+1 ) } \biggr) ^{\frac {1}{q}-\beta}=O_{x} \bigl( ( n+1 ) ^{\beta+\frac{1}{p}} \bigr) \widetilde{\omega} \biggl( \frac{\pi}{n+1} \biggr) , \end{aligned}$$ \end{document}$$ for $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & \bigl\vert I_{1} ( x ) \bigr\vert + \bigl\vert I_{1}^{\prime } ( x ) \bigr\vert + \bigl\vert I_{2} ( x ) \bigr\vert \\ &\quad\leq \frac{1}{\pi} \Biggl( \sum_{m=1}^{ [ r/2 ] } \int_{\frac{2m\pi}{r}}^{\frac{2m\pi}{r}+\frac{\pi}{r ( n+1 ) }}+\sum_{m=0}^{ [ r/2 ] -1} \int_{\frac{2 ( m+1 ) \pi }{r}-\frac{\pi}{r ( n+1 ) }}^{\frac{2 ( m+1 ) \pi}{r}} \Biggr) \frac{ \vert \psi_{x} ( t ) \vert }{t}\,dt \\ &\quad \leq\frac{1}{\pi} \Biggl( \sum_{m=1}^{ [ r/2 ] } \int_{\frac{2m\pi}{r}}^{\frac{2m\pi}{r}+\frac{\pi}{r ( n+1 ) }}+\sum_{m=0}^{ [ r/2 ] -1} \int_{\frac{2 ( m+1 ) \pi }{r}-\frac{\pi}{r ( n+1 ) }}^{\frac{2 ( m+1 ) \pi}{r}} \Biggr) \frac{ \vert \psi_{x} ( t ) \vert }{\pi/r}\,dt \end{aligned}$$ \end{document}$$ and using the Hölder inequality with $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & \bigl\vert I_{1} ( x ) \bigr\vert + \bigl\vert I_{1}^{\prime } ( x ) \bigr\vert + \bigl\vert I_{2} ( x ) \bigr\vert \\ &\quad \leq O_{x} ( 1 ) \sum_{m=1}^{ [ r/2 ] } \biggl[ \int_{\frac{2m\pi}{r}}^{\frac{2m\pi}{r}+\frac{\pi}{r ( n+1 ) }} \biggl( \frac{ \vert \psi_{x} ( t ) \vert \sin^{\beta}\frac{rt}{2}}{\widetilde{\omega} ( t-\frac{2m\pi}{r} ) } \biggr) ^{p}\,dt \biggr] ^{\frac{1}{p}} \\ &\qquad{}\times \biggl[ \int_{\frac{2m\pi}{r}}^{\frac{2m\pi}{r}+\frac{\pi}{r ( n+1 ) }} \biggl( \frac{\widetilde{\omega} ( t-\frac{2m\pi}{r}) }{\sin^{\beta}\frac{rt}{2}} \biggr) ^{q}\,dt \biggr] ^{\frac{1}{q}} \\ &\qquad{}+O_{x} ( 1 ) \sum_{m=1}^{ [ r/2 ] -1} \biggl[ \int_{\frac{2 ( m+1 ) \pi}{r}-\frac{\pi}{r ( n+1 ) }}^{\frac{2 ( m+1 ) \pi}{r}} \biggl( \frac{ \vert \psi_{x} ( t ) \vert \sin^{\beta}\frac{rt}{2}}{\widetilde{\omega} ( \frac{2 ( m+1 ) \pi}{r}-t ) } \biggr) ^{p}\,dt \biggr] ^{\frac{1}{p}} \\ &\qquad{}\times \biggl[ \int_{\frac{2 ( m+1 ) \pi}{r}-\frac{\pi}{r ( n+1 ) }}^{\frac{2 ( m+1 ) \pi}{r}} \biggl( \frac{\widetilde{\omega} ( \frac{2 ( m+1 ) \pi}{r}-t ) }{\sin^{\beta}\frac{rt}{2}} \biggr) ^{q}\,dt \biggr] ^{\frac{1}{q}}. \end{aligned}$$ \end{document}$$ Hence, by Lemmas [5](#FPar19){ref-type="sec"} and [6](#FPar21){ref-type="sec"} with ([12](#Equ12){ref-type=""}) and ([9](#Equ9){ref-type=""}), $$\documentclass[12pt]{minimal}
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In the case of the last integrals, applying Lemma [4](#FPar17){ref-type="sec"} we obtain $$\documentclass[12pt]{minimal}
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Collecting the partial estimates our statement follows.
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Proof of Theorem [3](#FPar7){ref-type="sec"} {#Sec7}
--------------------------------------------
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